Abstract
Introduction
The society of today relies on electromagnetic devices and systems: television, radio, internet, microwave ovens, mobile telephones, satellite communication systems, radar systems, electrical motors, electrical generators, computers, microwave filters, lasers, industrial heating devices, medical imaging systems, electrical power networks, transformers and many more (Bondeson et al., 2005) . Each of these examples is used in a broad range of situations. As an example, take radar. It is employed for fire control, weather detection, airport traffic control, missile tracking, missile guidance, speed control, traffic safety, etc. Undoubtedly, electromagnetic phenomena have a very profound impact on contemporary society (Bondeson et al., 2005) . Therefore more studies for the understanding of electromagnetic phenomena is highly needed. This paper studied one of these phenomena, the static equilibrium configurations of charged metallic bodies.
The mathematical model of the problem that we investigate in this paper can be formulated in the following terms. Consider a metallic body with surface S. On the surface S of the body, one has put N charged particles. Denote the particles by , respectively. Since all charges are positive, all electrostatic forces are repulsive, and hence the charges will try to become as well separated as possible. The charges consider themselves well separated if their energy is low as possible (Wayne, 2002) . For this particular problem, we want to choose the positions of the charges so that the potential energy
is minimized. In the formula (1), |.| stands for the Euclidean norm and all quantities are expressed in CGS electrostatic units. In CGS system, the units of length, mass and time are the centimeter, the gram, and the second, respectively. The formula (1) is a general expression for the potential energy of an arbitrary system of many point charges. It plays a central role in this paper, and hereafter, we give a brief description of how it can be obtained. More details can be found in (Baldassare, 1991) or in (Ohanian, 2006) .
Suppose that we have a collection of N point charges, with charges j q ,
, at positions j r  . What is the potential energy of this charge distribution? That is, how much work must you do to bring all these charges to their positions, starting with all of them infinitely separated? To calculate this amount of work, let us imagine that you bring the charges to their positions in succession: first, you bring q 1 to 1 r  (from infinity), then you bring q 2 to 2 r  , and so on. When you bring the charge q j to join the 1  j preceding charges, the potential produced by the latter is
The increase in potential energy that occurs when you bring in charge q j to j r  is therefore
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The total increase in potential energy that occurs when you bring all the charges to their positions is then
This expression is simply the sum of all the mutual potential energies for all possible pairs of charges q i and q j . Observing that each term of the summation in equation (4) occurs twice in the summation in equation (1), equation (1) and (4) are equivalent.
Method
It is clear that the problem at hand belongs to a broad class of optimization problems. More specifically it is a non linear constrained optimization problem. For more about optimization problems see (Nash & Sofer, 2009) or (Wenyu & Ya-Xiang, 2006) . In general, a big issue to handle non linear problems is the lack of methods that can be used to get analytical solutions and thus most of the time numerical methods are used instead. Most of algorithms for optimization problems seek a local minimizer (Iusem, 2003) , that is, a point that is only locally minimal, which means that it minimizes the objective function among feasible points that are near it. The projected gradient method is also of that kind. However it has been proved in (Iusem, 2003 ) that for the case in which the objective function is convex, which is the case for our problem, under the only assumption of existence of solutions they are global minimizers. In this paper we develop a numerical scheme, a variant of the projected gradient method, that intends to solve the problem at hand for at least a convex metallic body. Actually, we combine the general theory and the physical meanings nested in the mathematical model. The gradients of the objective function (the potential energy) in our model has a physical meaning; multiplying them by the negative sign we get a matrix F of electrostatic forces that particles exert on each other, see (Griffths, 1999) or (Ohanian, 2006) . To make calculations easier in computing these forces, we denote
The force felt by a particle p k is given by
and then we get a matrix of forces
The strategy to solve the problem at hand relies on the fact that the displacement of the particles must be made within the surface S. So, the tangential component of the force felt by each particle is of great interest. The following is the mathematical framework to get these tangential components. Let S, the surface of the body, be given in Cartesian coordinates in the form (x, y, z) = constant. Recall that the direction of   , the gradient of  , is always perpendicular to the surface (x, y, z) = constant (Manfredo, 1976) . Then, the tangential components F kT are given by 
Illustration on ellipsoidal metallic bodies
For example suppose that the surface S of the body is an ellipsoid of 
Where
The formula (11) is generalized to give the recursive formula
in which
kT ). It is the recursive formula (12) that enable us to obtain the position
Numerical simulations
Numerical simulations was done with a Matlab code implementing the formula (12). The stopping criterion we used is a non significant decrease in computed potential energy of order of 

. In numerical experiments we considered bodies whose surfaces are ellipsoids and that have the same volume as the unit sphere. For those bodies the static equilibrium configuration has been determined. The corresponding potential energies have been also computed. We considered, first, the particular case of a unit sphere with an increasing number of charges N, where each charge gets smaller and smaller, in such a way that the total charge is fixed and equal to Q=1esu. The discretization parameter being q=Q/N. Secondly, similar experiments were done considering the case of ellipsoids that have the same volume as the unit sphere. For example Figure 1 (left) shows the initial configurations of 1000 particles. The potential energy corresponding to this configurations is U=0.50752833155242erg. The static equilibrium configuration we get after running the code is shown in Figure 1 For the case of a sphere, the numerical results for the potential energy have been compared to the theoretical potential energy obtained using analytical methods. The potential energy (versus infinity) for a charged sphere with total charge Q=1esu and radius R=1cm, is given by the formula U=Q²/(2R) (Baldassare, 1991) , so that U ref = 0.5erg. It was observed that as the number of charges increases the potential energy at the static equilibrium approaches the theoretical potential energy. This is illustrated by Table 1 and proves that the techniques developed work as well. The errors are obtained by comparing the computed potential energies and the reference potential energy of 0.5 erg. Figure 4 is a plot of those errors, it shows that errors vary linearly. Therefore those techniques can be used where the analytical methods are hardly applicable or even where they fail. The case of ellipsoids is an example. For the case of ellipsoids we compared the computed values of the potential energies of ellipsoids that have the same volume as the unit sphere, increasing the eccentricity. We have remarked that the potential energy decreases as the eccentricity increases. This is illustrated by Table 2 and by Figure 5 . 
Concluding remarks
This paper studied one of the problems related to electromagnetic phenomena, the static equilibrium configurations of charged metallic bodies. Whereas, in general, analytical methods fail to solve problems that are related to those electromagnetic phenomena especially for those that are directly applicable to real-world applications, we proposed a simple numerical method, easy to program, that can determine the static equilibrium configuration of a charged metallic body that is at least convex. The proposed method has some advantages; it combines the general theory and the physical meanings nested in the mathematical model. Most of methods for constrained nonlinear optimization problems accept only single column vectors as input variables. To apply them to the problem at hand, we need to reshape the matrices of positions and forces to suitable column vectors, a step which is not needed for the proposed method. This has a positive implication on the computational aspect as the number of charges gets more and more large. From simulation on a unit sphere, our results are in a well agreement with exact results obtained using analytical method.
